MODULI SPACES OF HYPERELLIPTIC CURVES WITH A AND D 

SINGULARITIES 

MAKSYM FEDORCHUK 

Abstract. We introduce moduli spaces of quasi-admissible hyperelliptic covers with at worst 
^Z i A and D singularities. Stability conditions for these moduli problems depend on two parameters 

*vj I describing allowable singularities. By varying these parameters, we go from the stacks £^a„ and 

^o„ of stable limits of A„ and D„ singularities to the quotients of their versal deformation spaces 
g_) I by a natural G,„ action. We prove that the intermediate spaces are log canonical models of 3a„ 

Q; and^D„. 
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H . 1. Introduction 

c^ , 

We begin a systematic study of the interplay between local geometry of the versal deforma- 
tion space of a curve singularity and global geometry of the so-called stack of its stable limits. 
Here, we treat the case of simple planar curve singularities of types A and D. The choice is 
explained by the possibility to treat these singularities in a unified fashion using our theory of 
quasi-admissible hyperelliptic covers. 

To begin, we associate to a smoothable curve singularity the variety of all possible stable lim- 
its obtained by applying the stable reduction of Deligne and Mumford [DM69] to a smoothing 
of the singularity. In fact, as follows from the following definition, this variety can be given the 
structure of a Deligne-Mumford stack. 

Definition 1.1 (Stack of stable limits). Let C be a proper integral curve of arithmetic genus 
g with a single isolated singularity p such that S'c,p is smoothable and Def(C) is irreducible. 
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Consider a rational moduli map j : Def(C) — ■> ^g and its graph 



Def (C) -^^g 

We define =5^^ := ^(;?^^ (0)) C ^g to be the stack of stable limits of i^c,p- 

The stack of stable limits was introduced by Hassett in [HasOO, Section 3], where the descrip- 
tion of e5^ is obtained for certain toric and quasi-toric planar singularities. 

As a variety, ^ is simply the locus of stable curves appearing as stable limits of smooth- 
ings of C. If b is the number of analytic branches of ;? G C and 5{p) is the 5-invariant of 
^c,p^ then curves lying in ^ have form CUT, where (C, ^i , . . . , q^) is the pointed normal- 
ization of C and {T,pi,...,pi,) is a Z^-pointed curve of arithmetic genus y= S{p) —b+1 (here, 
(r, pi , . . . , pt,) is attached to (C, ^i , . . . , qh) by identifying pi with qi). The essential information 
of the stable limit is encoded in {T,p\,.. .,pb), called the tail of a stable limit of ^c,p- Tails of 
stable limits are independent of C and depend only on &c.p- It follows that ^ is naturally 

identified with a closed substack of ^y^^ (cf. [HasOO, Proposition 3.2]). 

Much attention is devoted in [HasOO] to the case of planar A and D singularities. In particular, 
it is shown there that a generic tail of a stable limit of the A„ singularity (y^ —x"^^ = 0) is a 
smooth hyperelliptic curve of genus [n/2\ , marked by a Weierstrass point if n is even, or by two 
points conjugate under the hyperelliptic involution if n is odd. In the case of the D„ singularity 
(x{y^ —x"^^) = 0), the picture is similar: The tails of stable limits are hyperelliptic curves of 
genus [{n — 1)/2J , marked by three points - two of which are conjugate - if n is even, or by 
two points - one of which is a Weierstrass point - if « is odd. This description of ^a„ and ^d^ 
motivated our definition of quasi-admissible hyperelliptic covers in Section 3. 

Understanding varieties of stable limits is crucial to the study of deformation theory of curve 
singularities on the one hand, and to the study of birational geometry of Mg on the other hand. 
One application of our Main Theorem 2 is a functorial simultaneous {Ak,D()- stable reduction 
for curves with at worst A and D singularities, generalizing the simultaneous semistable reduc- 
tion for ADE curves [CMLIO] in the AD case. This application is described in more detail in 
Section 7. 

We now discuss the relevance of our results to the Mori-theoretic study of Mg in the program 
initiated by Hassett and Keel, whose ultimate goal is the description of log canonical models 

Mg{a) := Proj \i\:^g, \m{K-:^^ + ab)\). 

m>0 

The varieties of stable limits of curve singularities feature prominently in the study of Mg (a) 
because they often lie in the stable base loci of K-^ + a5, and are, as a rule, very special loci 

inside Mg. Examples include the locus of hyperelliptic curves, the locus of trigonal curves of 
the highest Maroni invariant, the Petri divisor in M4, etc. As a result, the varieties of stable 
limits appear in factorizations into blow-ups and blow-downs of rational maps between those 
log canonical models of Mg that are presently understood due to work of Hassett, Hyeon, and 
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Lee [HH09, HH08, HLIO]. For example, consider M^'^ = M^(9/10) - the coarse moduli space 

of at worst cuspidal curves, and A/" = Mg(7/10 — e) - the coarse moduli space of at worst 
tacnodal curves (for precise definitions see [Sch91] and [HH09, HH08]). Then by [HH09], 
there is a regular morphism Mg -^ M^l\ ^ divisorial contraction whose exceptional locus is Ai 

- the locus of curves with elliptic tails. By [HH08], there is a rational map M^'* — -> M" a flip 
of the locus of curves with elliptic bridges to the locus of tacnodal curves. The relevance of 
varieties of stable limits is as follows: The 1 -dimensional fibers of Mg — )■ M^^ are exactly the 
varieties 3a2 of stable limits of the cusp (y^ = x^); in particular, we have ^j ~ Mi i. Further, 
there exists a resolution of the rational map M'^^ ---> M ^ 




rhs 



and the 2-dimensional fibers of Wi — )■ M are exactly the varieties ^3 of stable limits of the 

tacnode {y^ = x^);'m particular, 3a^ — Mi 2- The 2-dimensional fibers of W2 — )■ M are the loci 
of curves obtained by varying a genus 1 at worst cuspidal bridge. These loci are isomorphic to 
our J^[2\ of Definition 3.5. 

In a similar fashion, whenever a moduli space MglA^^Di] parameterizing proper curves of 
genus g with at worst A^ and Dg singularities (k> i—1) is constructed,^ the variety £^0( C Mg 
will appear inside a strict transform of the D( locus under the rational map Mg[Ak,D(] ---»• Mg. 

1.1. Statement of results. In this paper, we introduce and study the moduli stacks J^n [k] and 
J^nik^i] of quasi-admissible hyperelliptic covers. We postpone the precise definition to Section 
3 and proceed to describe quasi-admissible covers informally. Briefly, the quasi-admissible 
hyperelliptic covers generalize both the admissible covers of Harris and Mumford [HM82] and 
the twisted covers of Abramovich, Corti, and Vistoli [ACV03]. Namely, a quasi-admissible 
hyperelliptic cover of genus ^ is a degree 2 map 9 : C — t- i? such that 

(1) C is a curve of arithmetic genus g, 

(2) i? is a tree of pointed rational curves, where 

(3) the marked points on R are the branch points of (p. 

By assigning weights to the branch points, we control the singularities of C: Allowing k branch 
points to collide introduces the A^t-i singularity {y^ = x^) on C. By forgetting the datum of C 
and (p, we obtain a weighted pointed rational curve R. We require R, marked by the weighted 
branch divisor, to be stable (see Definition 2.1). Finally, in order to have a smooth stack of 
quasi-admissible covers, we never allow ramification over the nodes of R. As in the theory of 
twisted covers [ACV03], this is achieved by introducing an orbicurve structure at certain nodes 



Conjecturally, allMg(a) for a > 38/71 are of this form. 
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of R and nodes of C lying over them. The new feature of quasi-admissible covers, as compared 
to admissible and twisted covers, is that C can have singularities over the smooth locus of R. In 
particular, on the moduli stack there is a boundary divisor 5i„- defined as the closure of singular 
double covers of P^ (these arise when two branch points come together) and there is a boundary 
divisor d^ed parameterizing covers with reducible R. 




Figure 1 . A reducible quasi-admissible hyperelliptic cover of genus 4 with A3 
and A4 singularities. Numbers indicate multiplicities of the branch divisor. 

Finally, a few words on how to obtain quasi-admissible covers with D singularities. For 
this, we consider a 1 -pointed variant of quasi-admissible covers: This is done by introducing 
a marked point X ^ C. Whenever x coalesces with an A^ singularity on C, a Z)yt+i singularity 
appears. The replacement procedure is described in more detail in Section 6, where the equiva- 
lence of deformations of a D^^i singularity and an Aj^ singularity with a section is established. 
For now we only note that our quasi-admissible covers can have at most one D singularity. The 
reason for this is that a small deformation of a D singularity has at most one singularity of type 
D. With the replacement procedure of Section 6 in mind, we say that a quasi-admissible cover 
has a Di (resp., D2) singularity if x lies over a branch point of (p (resp., a double branch point 
of(p). 

Main Theorem 1 (A„ case). Let n>2 be an integer. 

(1) For each k = 1, ... ,n — 1, there exists a smooth and proper Deligne-Mumford stack 
J^n[k] representing the functor of quasi-admissible hyperelliptic covers with at worst A^ 
singularities. 

(2) There is an isomorphism ,'^p^^ ~ '^n\S\- 

(3) There is a sequence of divisorial contractions 

(4) There is an isomorphism 

^r 11 ] ^{2,3,...,n + \),ifnisodd, 
Jtn[n — IJ ~ < 

I ,^(4,6, . . .,2n-t-2), ifn is even. 

(5) For any a G (2 + ^t^' 2 ^~ fc+l] '"' ^' ^^^ coarse moduli space ofJifn[k] is 

H„{k) = ProiR{j^n[i],K^,[l] + ad,rr + dred) 

where dim resp. dred, is the Cartier divisor of irreducible, resp. reducible, singular 
covers. 
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Remark 1.2. Note that the threshold value of a at which 

Proj 7?(^„ [1] , i^,^„[i] + a5irr + ^.-ed) 

becomes the coarse moduli space of quasi-admissible covers with at worst A^t singularities is 
precisely 

a = lct(A,) = l + ^, 
where lct(Afc) is the log canonical threshold of Ay^ (see Section 1.2.3). 

Main Theorem 2 (Z)„ case). Let n > 4 be an integer. 

(1) For each 1 <k<n—l and 1 <£ < min{fc + 1 , « — 1 }, there exists a smooth and proper 
Deligne-Mumford stack M'n [^, (\ representing the functor of quasi-admissible 1 -pointed 
hyperelliptic covers with at worst A^ and D( singularities. 

(2) There is an isomorphism ^On — -^[1,2]. 

(3) There are divisorial contractions 

J^[l,l] ^=^[1,2] 



J^[2,l] 



-4- c^[2,2] 



-^^«[2,3] 



-4- ••• 



-> •• 



^[n-2,1] > J^,[«-2,2] 



J^„[n -1,1] >^,[?i-l,2] > 

(4) There is an isomorphism 

^ ^ \^(n,2,4,6, 

(5) For any ae (^,^] nQ and {5 G (l-( 




)■ .^[n — 2,« — 1] 



> J^[?i-l,n-l] 



..,n — 1), if n is even, 
..,2n — 2), if n is odd. 

' + l)a,l-£a]nQ, 



//„[fc,£] = Proji?(^„[l, l],if^,[i,i] + (a + l/2)5,>, + (2a + 2/3 - l)5w + 5,,d), 

where dim resp. Bred, is the Cartier divisor of irreducible, resp. reducible, singular 
covers, and 5w is the Weierstrass divisor of covers with a marked ramification point. 

We note that A and D singularities come equipped with a G,„ action and so do their versal de- 
formation spaces (see Pinkham [Pin74] for a systematic theory of singularities with G^ action). 
Parts (3) of Main Theorems 1 and 2 give a description of =^„ and .5^,^ as an iterated weighted 
blow-up of weighted projective spaces and Parts (4) identify these weighted projective spaces 
with quotient stacks [Def(A„) \0 / Gm] and [Def(D„) \0 / Gm]. Parts (1) provide a functo- 
rial interpretation of the intermediate spaces as moduli stacks of quasi-admissible hyperelliptic 
covers with A and D singularities. 
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Roadmap of the proof: The moduli stacks ^n[k] and .^[fc, £] of Parts (1) of Main Theorems 
are defined in Section 3. They are shown to be smooth and proper Deligne-Mumford stacks 
in Theorems 3.9 and 3.10. The morphisms of Parts (3) of Main Theorems are constructed in 
Section 5. Parts (5) of Main Theorems are dealt with in Section 4 (Theorems 4.5 and 4.7). The 
proofs of Parts (4) are contained in Example 3.7. We note that the moduli space ^n[n — 1] is 
also studied in [AvdWSlO], where another proof of Part (4) of Main Theorem 1 can be found. 
The proof there is deduced from a global quotient representation of J^n [^ ~ 1] ^ valid in arbitrary 
characteristic, given in [AV04, Theorem 4.1]. Finally, Parts (2) of Main Theorems follow from 
definitions. 

1.2. Notation and conventions. 

1.2.1. The base field. We work throughout over an algebraically closed field K of characteristic 
0. The characteristic assumption is used in an essential way at several points of this work. 
In particular, the stacks J^n [k] and J^n [^, ^] of Main Theorems 1 and 2 are smooth Deligne- 
Mumford stacks only under the characteristic assumption, as Example 2.5 shows. However, 
for a fixed integer n, the statements of Main Theorems 1 and 2 remain valid in characteristic p 
as long as p > n + 1 . 

1.2.2. Curves and their singularities. Unless specified otherwise, a curve is a connected re- 
duced finite type scheme of dimension one over an algebraically closed field. Recall that a 
curve (singularity) C is smoothable if there is a flat family f:^^T with /^^(O) ~ C and 
f^^{t) smooth for t ^0. All planar curve singularities are smoothable and moreover have non- 
singular deformation spaces - these are the only curve singularities encountered in this paper. 

A singularity of type An is analytically isomorphic to y'^ — x"^^ = at (0, 0) . A singularity of 
type Dn is analytically isomorphic to x{y^ — x"^^) = at (0,0). We note that A3 ^ D3. 

By a theorem of Arnold (see [Am75, Arn76, AGLV98]), the A and D singularities, together 
with three exceptional singularity types E(„Ej and E^, are the only simple hypersurface singu- 
larities (in every dimension). A singularity is called simple if it admits no nontrivial equisingular 
deformation, or, equivalently, if it has no moduli. From the point of view of moduli theory of 
curves, these are the simplest classes of singularities to allow with a hope of obtaining an open 
substack of the stack of all reduced curves. 

When C is a proper curve, we use Def(C) to denote the (uni)versal deformation space of 
C, and Ac to denote the discriminant - the locus of singular deformations - inside Def (C) . 
When p E C is a singular point, we use Def{S'c,p) to denote the versal deformation space of 
the singularity. It is a standard fact (see, e.g., [Tju69] or [Ser06, Chapter 3.1]) that the versal 
deformation space of an isolated hypersurface singularity defined by /(jci, . . .,Xn) = around 
(0, . . . , 0) is the finite-dimensional K-vector space underlying the Tjurina algebra 

]K[xi, JC2, ...,Xn\/ (/, df/dxu. . . , df/dxn) . 

We record versal deformations of singularities of types A and D and the corresponding G^ 
actions. We have Def (A,,) = SpecK[ao, • • • , cin-i] and the versal deformation is given by 

3;2-(x"+i+a„_iJc"-i + --- + ao)=0. 
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The G,n action on Def(A„) and the versal family over it, extending a natural G,n action on 
y2 _;K-n+i = 0, is given by 

A ■ (jc,j,a„-i,...,ao) = {X^x, X"^^y, X^a„-i , . . . , X^^"^^' ao) if nis even, 

«+l 2 +1 

A ■ (x,j,a„-i,. . . ,ao) = (Ax, A^~y, A a„_i,...,A ao) if n is odd. 
We have Def(D„) = SpecK[Z7, ao, . . . , a«-2] and the versal deformation is given by 

xy^ +by- {x^^^ + Qn-ix"^^ + . . . + ao) = 0. 

The Gm action on Def(D„) and the versal family over it, extending a natural G,,, action on 
x{y^ —x"~^) = 0, is given by 

X ■ {x,y,b,a„-u. . . ,ao) = {Xx,X^~y,X'^b,Xa„-2,- ■ ■ .^"^^ao) ifniseven, 
A ■(jc,j,Z?,a„-i,...,ao) = {X^x, X"^^y, X'^b, X^an-2, ■ ■ ■ , X^"^^ao) if nis odd. 

1.2.3. Log canonical thresholds. A log canonical threshold of a hypersurface D C K" quanti- 
fies how far the hypersurface is from being a simple normal crossing divisor. We refer the reader 
to [Kol97, Section 8] for precise definition. Here, we only record the log canonical thresholds 
of A„ and Ai singularities: 

lct(A„) = -— — - = - + ■ 



2(n+l) 2 n + 1 



2(n-l) 2 2(n-l) 

An amusing fact is that the above thresholds are related to the geometry of the discriminant 
hypersurface inside the versal deformation space of the curve singularity. Namely, let p G C C 
K^ be a singularity of type A or D. Let A be the discriminant hypersurface inside the versal 
deformation space Def((^c,p)- We then have 

lct(A,Def(^c,p))=lct(C,K2). 

1 .2.4. Conventions. An Artin stack is a stack that has a separated representable diagonal of fi- 
nite type (i.e., Isom functors are represented by separated algebraic spaces of finite type) and that 
admits a representable smooth surjective morphism from a scheme; a Deligne-Mumford stack is 
an Artin stack with an unramified diagonal (i.e., objects have no infinitesimal automorphisms). 
If ^ is a Deligne-Mumford stack, we denote by X its coarse moduli space. An orbicurve is 
a Deligne-Mumford stack of finite type over an algebraically closed field whose coarse moduli 
space is a curve, and such that the generic stabilizer of every irreducible component is trivial. 
Unless specified otherwise, di family is a flat family of schemes or orbicurves. 

1.2.5. Notation. The symmetric group on d letters is denoted by (3j; the cyclic group of order 
r hy iiy. If D is a Q-Cartier divisor on X, we set 

^(Z,Z)):=0HO(X,LmDj). 

m>0 
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The category of schemes over Spec A is denoted ©cf)^. When G^ acts on K"+^ diagonally with 
weights ao, . . . , a„, we denote by ^(ao, •■■,««) the weighted projective stack [K"+^ \ / G,„] . 
The coarse moduli space of ^(ao, . . . ,««) is P(ao, . . . ,a„). 

1.3. Outline of the paper. In Section 2, we discuss divisorially marked rational curves, ana- 
logues of weighted pointed curves of [Has03], and the notion of #^-stability for them, an ana- 
logue of .^/-stability. The second part of the section deals with even rational orbicurves - 
divisorially marked rational curves endowed with the minimum stack structure allowing for 
existence of a square root of the marking divisor. In Section 3, we introduce (pointed) quasi- 
admissible hyperelliptic covers with at worst A (and D) singularities and discuss the notion 
of ^'-stability for them. Here, we prove that stacks J^ni^] and =^[fc, £] of (pointed) quasi- 
admissible covers are smooth and proper Deligne-Mumford stacks, and show that their local 
geometry closely reflects the geometry of versal deformation spaces of A and D singularities. 
Section 4 is devoted to the study of certain log canonical divisors on J^n[k] and ^,[A:,£]. In 
particular, we show that the natural reduction morphisms constructed in Section 5 are, on the 
level of coarse moduli spaces, maps between log canonical models of 3/a„ and i5^^. Finally, in 
Section 7, we discuss the necessity of working with Deligne-Mumford stacks of orbicurves and 
give an application of Main Theorems 1 and 2 related to a recent work of [CMLIO]. 

Acknowledgements. We would like to thank Jarod Alper, Brendan Hassett, Aise Johan de 
Jong, and David Smyth for helpful discussions. We are also grateful to the organizers of several 
seminars in which this work was presented before the manuscript was finished. We also thank 
Sebastian Casalaina-Martin and Radu Laza who shared the preliminary version of [CMLIO] 
and encouraged the inclusion of Section 7. 

2. Divisorially marked rational curves and even rational orbicurves 

2. 1 . Divisorially marked rational curves. We begin by summarizing the theory of pointed 
and divisorially marked rational curves. Throughout, a semis table rational curve will be a 
proper, connected, (at worst) nodal curve of arithmetic genus 0. A divisorially marked rational 
curve is a semistable rational curve C together with divisors Dj of degree dj that are disjoint 
fromSing(C). Given two (n + l)-tuples, ((io,'^!, ■• -,4) G N"+^ and (wo,>vi,. ..,w„) G Q"+^ fl 
(0, l]"+\ we call the datum W := (wq°, Wj' , . . . , wf") a weight vector (we also write wj as w,). 

Definition 2.1. Given a weight vector W, we say that a divisorially marked rational curve 
{C;Dq, . . .,Dn) is W -stable if the following conditions hold: 

n 

(1) For every p GC, mult^ Y. wiDi < 1. 

n 

(2) The line bundle (Oc ( £ w/D,) is ample. 

Consider the stack of divisorially marked curves ^ — )■ &d}^ whose objects are families 
TZ: ('^;Do,Z)i, . . . , A;) — ^ T such that the geometric fibers of n are divisorially marked rational 
curves. To see that ^ is a stack, note that it is a category fibered in grupoids, that the Isom 
functors are sheaves in the etale topology, and that the etale descent for objects is effective. 
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Definition 2.2. Let ^^ be the full subcategory of ^. consisting of families whose geomet- 
ric fibers are #^-stable divisorially marked rational curves. We call M-^ the stack of rational 
W -stable curves. 

The stack ^^ is closely related to the moduli space of weighted pointed rational curves 
introduced by Hassett in [Has03]. We recall that for ,2/ = (ai, . . . , a„) G (0, 1]" fl Q", a proper, 
connected, (at worst) nodal rational curve {C\p\,. . .,Pn) is .^/-stable if it satisfies: 

( 1 ) p/ are smooth points of C, and if pi^,...,pii^ coincide in C, then Y!^- ^ai. < 1 . 

n 

(2) (Oc{ L aiPi) is ample. 

i=l 

The moduli functor of ^-stable curves is represented by a smooth projective scheme ^q ^ 
[Has03, Theorem 2.1]. The relation between ^^ and ^ox is summarized in the following 
proposition. 

Proposition 2.3. The category S^-^ is a smooth and proper Deligne-Mumford stack over K. Its 
coarse moduli space R^ is a quotient of ^q ^, where .s^ = [wq, . . . ,wo, . • . ,w„, . . . ,Wn), by the 

V ' ^ V ' 

do d„ 

action of&:= O^^ x ■ ■ ■ x &^^^. 

Proof Consider the forgetful 1-morphism ^^ — )■ OJto to the category of semistable rational 
curves with at most 1 + YJi=odi nodes. Note that TIq is an Artin stack of finite type over K 
by, e.g., [Ful05, Proposition 1.10]. Take T — t- SOTq to be a smooth surjective morphism from 
a separated scheme T of finite type over K. This morphism induces a family ^7 — )■ T of 
semistable rational curves. The fiber product ^^ xMo^ is the category whose objects over 
a T-scheme S are {n + l)-tuples of S-flat Cartier divisors ^q, . . . , ^„ on ^^ x ^ 5. The mor- 
phisms in Mgr xg^^ T are obvious Cartesian diagrams and the isomorphisms in ^^ XOTq 7" are 
equalities on the nose. It follows that ^^ Xtxn^T is an open subscheme of Hilb-^j. /^ - the rel- 
ative Hilbert scheme of^r ^ T. Since ^t is a separated algebraic space of finite type over 
T, Hilb<^^/7 is also an algebraic space of finite type over T by [RydlO], and so admits an etale 
surjective morphism from a finite type scheme. Composing this morphism with a smooth sur- 
jective morphism ^^ XOTq 7" — ^ ^w^ we obtain a smooth surjective cover of ^^ by a scheme 
of finite type over K. Thus, ^-g/ is an Artin stack of finite type over K. 

To show that ^-p- is a smooth Deligne-Mumford stack it remains to show that for any 
^'-stable curve defined over a field, infinitesimal automorphisms and obstructions vanish. This 
follows from the well-known deformation-theoretic result of Proposition 2.4 below. 

Since ^-^ is a Deligne-Mumford stack of finite type over K, the coarse moduli space exists 
by [KM97, Corollary 1.3] and the coarse moduli map is proper [Con, Theorem 3.1(1)]. It is 
easy to see that the coarse moduli space is in fact isomorphic to the scheme-theoretic quotient 
^o^j^/&, which is a proper scheme. Thus, M^ is proper. D 

Proposition 2.4. Let (C; Do, . . . , /)„) be a W -stable rational curve over K. Then (C; Dq, . . . , Ai 
is unobstructed and has no infinitesimal automorphisms. 



'nj 



Proof The first statement follows from the fact that C is unobstructed and Z), are Cartier divisors 
supported at smooth points of C. To prove the second statement, we note that the infinitesimal 
automorphisms are elements d G Hom(^^, Gq) that satisfy df G (/) for any local equation / of 
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Dq-I h Aj- In characteristic 0, this shows that infinitesimal automorphisms are classified by 

Hom(fl^, ^c{~D)) ~ U^iC, {cOc{D)y^) = (0). Here, the first isomorphism and the vanishing 
statement is taken from [Has03, Section 3.3]. D 

We remark that by [Has03, Section 3.3.2] the infinitesimal automorphisms of (C;Do, . . . , AO 
are classified by Ext^(^^(A7 • • -7 A), ^c)^ where Q^(Do:- --TDn) is the sheaf of differentials 
on C with logarithmic poles along A, • • • , A- 

Example 2.5. We remark that even a smooth divisorially marked rational curve C over a field K 
of positive characteristic p may have infinitesimal automorphisms. Indeed, if char K = p, then 
by the proof of Proposition 2.4 above, the infinitesimal automorphism x*-^ x + ey of Proj K[x, y] 
extends to an automorphism of a closed immersion given by 

K[x,y] ^ K[x,y]/ ((x - aij)^^' {x - aiyV''^ ...{x- a,,);)^^'') . 
2.1.1. Divisorially marked vs. pointed curves, het s^ = (wq,- --iVVo, .. .,w„, .. .,w„) and y^ = 

do d„ 

(wq°, .. ., w^'") . Set & := &do X • • ■ X &d„- We have a sequence of 1-morphisms 

defined as follows: The leftmost arrow is the quotient map and the rightmost arrow is the coarse 
moduli map. To define the middle arrow, we note that an object of [I^o ^/(3] over a scheme T 
is an 6-torsor {P — 7- T} togetherwithanS-equivariantmorphismP— )► ^o^^. The 1-morphism 
^o,.s//®] -^ ^W sends {P — )• T} to the family of divisorially marked curves over T 



where the divisor Z), on [P x^ ^^ j /© is defined to be the image of weight w/ sections of 

P x^ ^^ — 7- P. Note that the middle arrow |_^o,.s//®] ~^ ^-^ ^^ '^'^^ representable since 
M-^ usually has smaller stabilizers, as we see in the following example. 

Example 2.6. Let jJ = (l, 1/3, 1/3, 1/3, 1/3) and W = (1,(1/3)^). To describe 3#o,c/, note 
that any ^/-stable curve has only one irreducible component, namely P^. Next, we can assume 
that the point of weight 1 is always atoo, and 4 points of weight 1/3 have coordinates jci,jc2,jc3,a:4 
satisfying xi +X2+X2, +X4 = on the affine line SpecS := Spec]K[xi,.x:2,.x:3,.x:4] = P^ \ 00. The 
stability assumption then translates into {xi,X2,XT,,X4) 7^ (0,0,0,0). Since the subgroup of PGL2 
preserving above choices is G„, we see that ^0.^ is the quotient stack 

[Spec5/(xi +X2+X3+X4) \0 / Gm] ~ Proj5/(xi +X2+X3+X4) ~ P^; 

here, the action of G^ is given by the usual grading of S. By the same logic, M^ can be 
identified with the quotient stack 

Spec{S/{xi+X2+X3+X4))^^\.0 / G,n , 

where {S/{x\+X2+X3+X4))^'^ is the ring of invariants of 5/ (;ci +a:2+a:3+X4) under the action 
of ©4. The generators of {S/{xi +X2 +X3 + JC4))®'* are elementary symmetric polynomials of 
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degrees 2, 3 and 4. It follows that Si^ is the weighted projective stack ^(2,3,4). Finally, 
[-^0,^/^4] ^^ [Proj5/(jci +JC2 ^x-i +X4) / ©4], where ©4 acts by permuting variables. Note 
that the point with x\=X2 = X2, = — X4/3 has stabilizer ©3 in |T#o ^/©] and maps to a point 
with a cyclic stabilizer [i-^ in Si-^. 

2.1.2. Section at infinity. In all of the cases under consideration in this paper, the weight vector 
is of the form ( 1 , w^ ' , . . . , wj^" j . In other words, all families of divisorially marked curves will 
always carry a distinguished divisor of relative degree 1 and weight 1 . Such a divisor defines a 
section, called the section at infinity. 

2.1.3. Odd nodes and odd section at infinity. If {C,Dq,Di,. ..,D„) is a divisorially marked 
rational curve, where Do is the section at infinity, we say that a node of C is odd (resp., even) if 
it separates C into two connected components Ci and C2 such that Dq lies on Ci and such that 
the degree of the divisor T,'i=i Di restricted to C2 is odd (resp., even). Moreover, we say that the 

section at infinity is odd (resp., even) if the total degree di -\ h (in of Y!i=\ Di is odd (resp., 

even). The odd nodes and the odd section at infinity are referred to as odd points of C. 

2.2. Even rational orbicurves. The definitions in this section are inspired by the notion of 
a twisted cover of [ACV03] (see also [AV02]). We use the gadget of orbicurves, to borrow 
a metaphor from [ACV03], as a magnifying glass in which apparent singularities of moduli 
spaces disappear. 

Definition 2.7. An even rational orbicurve is a triple (^; x,D), where 

(1) ^ is an orbicurve over an algebraically closed field k with a coarse moduli space Y . 

(2) y is a semistable rational curve. 

(3) T : Spec fc — )• ^ is a section, called the section at infinity, such that T(Spec k) is a smooth 
point of y. 

(4) D is a divisor in the smooth locus of y, disjoint from T(Specfc). 

(5) The points of ^ with non-trivial stabilizers lie exactly over odd points of Y . 

(6) Etale locally over an odd node of Y, the orbicurve ^ is isomorphic to 

[S^Qck[x,y]/{xy) 1^2] 

where the action of /i2 is given by {x,y) t-)- (— x, —y). 

(7) Etale locally over an odd section at infinity, the orbicurve ^ is isomorphic to 

[S^Qck[x] / 1X2] 

where the action of 1X2 is given by x i-> —x. 

The points of ^ with a non-trivial stabilizer {112) are called odd points, or orbinodes. 

Lemma 2.8. Suppose that (^; T,D) is an even rational orbicurve over an algebraically closed 
field. Then there is a unique =Sf G Pic(^) satisfying ^®^ ~ ffa^{D). Moreover, a character of 
/i2 at a point p G ^ is non-trivial if and only if p is an odd point ofW. 

Proof. Recall that a line bundle =Sf on ^ is a datum of a line bundle L on y together with 
an action of \i2 on the fiber =Sfp for every odd point p oiY . In particular, ^®^ is always a 
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puUback of a line bundle from Y. Hence, the uniqueness holds because Pic(y) is torsion-free 
and Pic(y) — )> Pic(^) is injective. It remains to establish existence. 

We proceed by induction on the number of odd nodes. Suppose there are none. Then either 
^ is a scheme and the statement clearly holds, or ^ has an odd section at infinity. In the 
latter case, let ^ be the irreducible component of ^ containing the section at infinity T. Then 
^ = ^1 U ^, a nodal union of two connected components. Moreover, ^ is a scheme and the 
degree of D restricted to every component of ^ is even. It follows that there is a line bundle ^2 
such that (^2)®^ — '^^(^1^)- Let Di := D\a^^ + Pi, where pi is an arbitrary smooth point of 
^. Since Di has even degree, there is a line bundle ^1 such that (J^i)®^ ~ i^^j (^i)- Finally, 
let ^ e Pic(^) be such that ^y^ ^ ^i{-jr) and ^.^^ - ■^2- Clearly, ^®2 ^ ^^(d). 

Suppose now ^ has an odd node p. Let ^1 and ^ be the connected components of ^ such 
that ^1 n ^ = ;? and ^ = ^1 U ^. Take Ri and R2 to be irreducible components of ^1 and 
^, respectively, containing point p. Let Z),- := D\^.+pi, where p, is an arbitrary smooth point 
of Ri. Denote by ^ the orbicurve obtained from ^ by forgetting the stack structure at p. Then 
(^, Di) are even rational orbicurves whose odd nodes are exactly the odd nodes of (^, D) , with 
the exception of p. By induction, there are line bundles =S^- on ^ such that (=S^)®^ = ffa^,{Di). 
Now, form a line bundle ^ on ^ satisfying ^|<^ = ^(-ip). Then (^)®2 = ^^(D). 

D 

Next, we analyze families of even rational orbicurves over more general bases. We begin by 
fixing a weight vector W = (l,^^',..., w'j^" j . As the following lemma illustrates, the presence 
of the section at infinity greatly simplifies the geometry of an arbitrary divisorially marked 
family. 

Lemma 2.9. Let P ^ T be a ¥^ -bundle with a section t: T ^ P. Suppose that there is a 
T-flat divisor D d P of relative degree d and disjoint from x{T). Then there exists a section 
o: T^P\t{T). 

Proof. The idea of the proof is to take the center of mass of the divisor in each fiber (this is 
where division by d comes in and the characteristic assumption is used). We now formalize 
this idea. To begin, we show that the section exists affine locally on T. To this end, suppose that 
T is affine and P = FS", where <f is a free vector bundle of rank 2. Then t{T) is the vanishing 
locus of some x E H*^(r, <f*), and the relative divisor D is defined as the vanishing locus of 
fo e HO(r,Sym^^^*) = Sym^H'^(r,^*). Since <^ is free of rank 2, we can find another section 
of P — 7> r disjoint from T(r). It corresponds to y Ell^{T,S'*). We now express fo in terms of 
X and y: 

fo = aa/ + ■■■ +aixy'^^^ + ao/- 

Note that the assumption that D is disjoint from x{T) implies that aq 7^ 0. We now define 

s :=y + - — X G H*^(r, <f*). The vanishing locus of s defines another section of P — )■ T, disjoint 
daQ 

from x{T). 

It remains to show that different sections s glue. For this, we need to show that the construc- 
tion of s above was in fact independent of the choice of y. Indeed, suppose we chose section 
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y' = ay-\- bx, with a 7^ 0. Then using y = iy' — bx)/a, we rewrite fo in the new coordinates as 
fo = adx^ + ■ • ■+aix{{y' - bx)/aY-^ +ao((y - bx)/aY 



1 
a 
We see that 



—j{ada x^ H V{aa\—a{idb^x{y^ ^o.^iy^ ) 



, , aai—aodb aa\ 

s =y ^ ; X = ay + bx+ - — x — bx — as. 

duQ daQ 

Since a^O, s' and s define the same section. D 

The principal application of Lemma 2.9 is to the study of the Picard group of a P^ -bundle 
over a general base. Namely, suppose D is a divisor on the P^ -bundle P ^ T of relative degree 
d, and disjoint from the section at infinity t{T). Then by the lemma, there exists a section 
a : r — i- P \ t{T) . Denote the image of o by E. The divisor D — JE is of relative degree 0. 
Since H^ (P^ , ^pi ) = 0, the cohomology and base change theorem implies that 0'p{D — dL) is a 
puUback of a line bundle from the base. By the construction, (^p(D — JE) | ^/j) ~ ^7. It follows 
that^/>(D)~^p(JE). 

Lemma 2.10. Let k: Y ^>-T be a family of semistable rational curves with the section at infinity 
t: r — )■ y. Suppose that a line bundle ^ G Pic (7) has even degree when restricted to every 
irreducible component of every fiber and satisfies x* £^ ~ Gj. Then there is a unique line bundle 
M e Pic(y) satisfying ^ ~ Ji®'^ and x* M ~ Gr- 

Proof. Denote the image of the section at infinity by 0. The square root of ^ restricted to 
every fiber is unique (by, e.g.. Lemma 2.8). Since the fibers are projective, connected, and have 
H^(Z, Gx) = Oj by the cohomology and base change theorem there can be at most one line 
bundle Jl such that M®'^ = ^ and ^|o ^ i^o- 

We now prove existence. For every f G T consider the base extension 0^^ — )■ T and the 
puUback family Y' —^ Speci^^'^^. On the fiber of Y' over a closed point t, choose smooth 

d 

points pi,...,pd e y/ \ such that ^t = ^y'CL ^iPi)®^^ where £,; are appropriate signs. 

' i=\ 
By smoothness, the points pi give rise to sections C7, : Spec (^f^, — )■ Y' with images E, C Y' 

[BLR90, 2.2, Prop. 5]. By degree consideration and triviality of Pic(^|^J, we have ^ ® Gy' — 

d d 

^Y'i L £i^i)®^- Moreover, Gyi L £i^i) restricts to a trivial line bundle along 0. 
/=i i=i 

It follows that there is a surjective etale cover T' ^ T such that the puUback of =Sf to y' : = 

Y Xt T' has a square root ^ that restricts to a trivial line bundle along 0. (By abuse of 

notation, we denote by the preimage of under any base extension.) Fix an isomorphism 

I : ^0 — )■ Gq. By the uniqueness above, the line bundles pr^ ^ and prj^ are isomorphic on 

Y' Xy Y' . Fix an isomorphism a : pr]" ^ ~ prj ^ such that the following diagram commutes: 

(pr*^)|0-^(pr*^)|0 



prjl 



prjl 



prj a@ > pr^ Gq 
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It follows that the cocycle condition prj2(a) opr23(a) = prj3(a) on Y' xyY' xy 7' is satisfied. 
Thus, ^ descends to a line bundle on Y whose square is J^. D 

2.3. Moduli stack of even rational orbicurves. Fix a weight vector #' = (l,w^',..., wj^") . A 

family of even rational orbicurves over a schenie T will be a datum (n: "3^ ^T;Dq,D\,.. .,Dn) 
where Tt: ^ — )■ T is a flat and proper morphism from a Deligne-Mumford stack to a scheme 
such that geometric fibers of TZ are even rational orbicurves. The divisor Dq of weight 1 defines 
the section at infinity t: T ^ ^ . From now on, we will conflate Dq and T. A family of even 
rational orbicurves is called ^-stable if the coarse moduli space 7 — )■ T is ^-stable in the sense 
of Definition 2.1. 

Definition 2.11. We denote by ^^®" the category of !;^-stable families of even rational orbi- 
curves. The morphisms in =^^™ are obvious cartesian diagrams. 

In the remainder of this section, we show that the category !%^^^ is a smooth and proper 
Deligne-Mumford stack over K. 

To begin, we recall that given a triple (X,D, r) consisting of an arbitrary Deligne-Mumford 
stack X, a Cartier divisor D, and a positive integer r, there exists a root stack Xo/- The objects 
in XD,r over a scheme T are morphisms /: T ^ X together with a datum of a triple {J:f,s,l) 
consisting of a line bundle ^ G Pic(r), a section s G H*^(r,.if ) and an isomorphism i : ^'' — )• 
f&x{D) satisfying 1(5') = f*{D). We refer to [CadOV] for the construction of X/j,,. and the 
proof that Xo.r is Deligne-Mumford. 

Next, given a Cartier divisor D with irreducible components D\,.. . .D^, we define (with a 
certain abuse of notation) 

XvD :=Xoi,r>^x--- ^x'^Dt,r- 



Lemma 2.12. If X is a proper Deligne-Mumford stack, then so is XyD. Moreover, if X is 
smooth and D is a simple normal crossing divisor with each Di smooth, then X\/D is also 
smooth. 

Proof. Briefly, etale locally on X, the morphism X^/D — > X is given by 



SpecA[xi, . . . ,xk\/{x\-fi,. . .,4 -/fc) / {{irY 



-)■ Spec A, 



where f G A is a local equation of D,. Our assumptions imply that, by the Jacobian criterion, 
SpecA[xi,. . . ,Xk]/ {x\ — fi, . . . ,x[ — fk) is smooth. ThusXi/D is smooth. 

To check propemess, we use the valuative criterion [LMBOO, Proposition 7.12]. Let Rhe a 
discrete valuation ring with the uniformizer t and the fraction field K. Consider a morphism 
Spec^ — 7- XDi,r- Compose with X^/.r — > X and use properness of X to conclude that, possibly 
after a finite base change, there is a unique extension : Spec 7? — )• X. It remains to note that 
since 7? is a unique factorization domain, we have Pic (Spec 7?) =Oand ther^'^rootof 0*(D/) eR 
exists after further base change t — s'', and is unique up to a unit in R[s]. Thus, we obtain 
Spec7?[^] ^Xoi,r- 

To see thatX-v/D is proper we could also observe that, etale locally, X\/D — )■ X is a map from 
a stack to its coarse moduli space. In particular, it is proper [Con, Theorem 3.1(1)]. D 
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even 

W 



Theorem 2.13. Let W = f l,Wj' , . . . , wf" \ he a weight vector with YIi=\ di even. Then 

is the root stack S^^f/ \/5odd. where 5odd ^^ the Cartier divisor of W -stable rational curves with 
odd nodes. In particular, ■^^®" is a smooth and proper Deligne-Mumford stack over K. 

Proof. Recall that M'^ is a smooth and proper Deligne-Mumford stack by Proposition 2.3. It 
carries a simple normal crossing Cartier divisor 5odd parameterizing curves with odd nodes. We 
proceed to establish the equivalence of categories ^^™ and M-p- y^jdd- 

Consider a family of even rational orbicurves {n: '3^ -^T;x,Di,. . ., Dn) ■ The coarse moduli 
space y is a flat and proper family of divisorially marked rational curves over T . Therefore, 
it induces a morphism T — )■ ^y^. Now suppose ? e T is a point such that the fiber Yt has k 
odd nodes pi , . . . , p^. Denote by 8i the locus where the node pi is preserved; 5, is an irreducible 
component of 5odd- Note that, since components of 5odd do not self-intersect, the Cartier divisors 
5i are distinct. By definition, the local equation of ^ — )■ T around pi is 

[Spec i^f^,{x,y} / {xy - f ) / M2] ^ Spec <„ 

where the action is {x,y) 1— )■ (— x, —y), and where ti E ff^j is (a puUback of) a local equation of 
5i. Since 

{^fA^.y}/{xy-t':>)Y" = i^fl,U\y\xy}/{xy-tf') = i^^){x\y^}/ixV -tf"'), 
the local equation of F — t- T around pi is 

Spec ^'^j{x^,y^}/{xy - tf"') -^ Spec ^|^,. 
Therefore, the morphism T —^ My^ factors etale locally through the root stack (■^^)5. 2 f°^ 
each i = 1,. ..,k. Thus it factors etale locally through M-p- \/Ajdd- Since the etale descent for 
objects in ^^\^j is effective, we obtain a morphism T — )■ Mp^\/5odd- Since morphisms in 
both categories are given by fiber products and since the formation of coarse moduli space 
commutes with an arbitrary base change in characteristic (e.g., by [AV02, Lemma 2.3.3]), we 
obtain a natural transformation M^^"^ — t- M-p- v^jdd- 

In the other direction, consider a smooth surjective morphism from a scheme T to My^ y^^dd- 
Since ^:;r\/^odd is smooth and irreducible, T is smooth and can be chosen to be irreducible. 
The map T — )■ -^^-^/^odd defines a family (7 — )■ T; T,Di, . . . ,D„) of ^-stable rational curves 
together with a datum {(^,?,) : ti G H''(r,^)} for every irreducible component 5, of 5odd- The 
local equation of Y around a node pi E Yt corresponding to 5, is 

Spec<{z,3;}/(x);-5f), 

and Si = tf under some identification of {^i)t and ^7- ^ Next, we consider the blow-up along the 
ideal {{x,y) ^' , f ,) (it is a weighted blow-up with weights oix,y,t being 1 , 1 , 2a,) and denote by 
Ei the exceptional divisor of the blow-up. The result is a semistable family 7' — )■ T of rational 
nodal curves. In the fiber Yt an odd node pi of Yt has been replaced by a rational curve {Ei)t. 
Evidently, the degree of 0Y'{Ei) restricted to (£■,), is even. It follows by Lemma 2.10 that the 
divisor 

5:=£A+ £ Ei 
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is divisible by 2 in the Picard group of Y' . Let X' — > Y' be the /i2-cover totally branched over B. 
Then X' — )■ T is again a family of semistable curves, and we denote by X — > T its stabilization. 
The action of jlz descends to X and the stack ^ = [X/il2\ is a family of even rational orbicurves 
over T. Clearly, the coarse moduli space of ^ is Y. We conclude that there is a morphism T —^ 
^^^". Moreover, since our construction commutes with a smooth base change, this morphism 
descends to give a natural transformation M-^ v^jdd ^ =^^™- 

Evidently, the two constructed natural transformations define an equivalence of categories. 

D 

Corollary 2.14. The category =^^®" of even rational orbicurves is a Deligne-Mumford stack 
over K. 

Proof. In the case EiLi^/ is even, this is the content of Theorem 2.13 above. The case of 
odd Y!i=idi reduces to it by a simple trick: Take W = (1, l^,w^', .. .,>vj^«) and consider the 
morphism ^^^^ — )■ ^^T that takes a family of even ^'-stable rational orbicurves and attaches 
a fixed 4-pointed P^ to the section at infinity to obtain a #"-stable curve. Clearly, this morphism 
is a closed immersion and we are done. D 

3. Quasi-admissible hyperelliptic covers 

In this section, we weld the notion of an admissible cover [HM82] and that of a twisted cover 
[ACV03] in the special case of degree 2. We call the result a quasi-admissible hyperelliptic 
cover. In words, a quasi-admissible cover is a finite locally free cover of an even rational 
orbicurve. A hyperelliptic cover differs from a twisted cover in that it is allowed to have non- 
trivial ramification over a smooth locus and it differs from an admissible cover in that branch 
points can come together. In particular, it is clear what happens when several branch points 
collide: a singularity of type A appears on the cover. 

In what follows, we define the moduli stack of (pointed) quasi-admissible covers described 
in the previous paragraph. To motivate this definition, we list the desired specifications of 
this stack: The stack has to be proper, singularities of its objects need to be controllable, the 
deformation theory has to be tractable. Our moduli stack of quasi-admissible covers meets all 
of these requirements: By assigning weights to branch points, we can specify how many can 
collide and thus specify the allowable singularities of the cover. When more than allowed branch 
points come together, we let the cover and the target to sprout out additional components. This 
makes our moduli stack proper. Finally, the deformations of all objects are unobstructed, thus 
the moduli stack is actually smooth. 

Definition 3.1 (Quasi-admissible covers). Define J^ — )■ ©cPij^ to be the stack whose objects 
over a scheme T are the diagrams 

(3.1) 

satisfying the following properties: 

(1) n : (^; T,D) — )■ T is a proper flat family of even rational orbicurves. 
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(2) 9 is a finite locally free morphism of degree 2, branched exactly over the branch divisor 
D and etale elsewhere. 

(3) If T is odd, that is, locally etale on T we have T : Spec A — )■ [Spec A [x] //I2] , then ^ looks 
like an etale cover 

[SpecA[x,r]/(?^-M) /jl2\ -^ [Spec A [x] //i2] , 

where u eA^ and the action is {x,t) — t- (— x, —t). 

(4) If T is even, then there are sections X\,X2'- T — )■ ^ satisfying ^*(t) = Ti + T2. 

(5) Over an odd node [SpecA[;c,y]/(xj) //i2] of ^ the morphism (p looks like an etale cover 

[S^QcA[x,y,t]/ {xy,t^ - u) 7^2] ^ [S^QcA[x,y\/{xy) /pii], 

where u E A^ and the action is {x,y,t) -^ (— x, —y, —t). 

The shorthand notation for an object in J^ is ((jO: ^ — )■ ^;t,D). We call ^ the stack of 
quasi-admissible covers. 

\i (p: ,^ — )■ ^ is a quasi-admissible cover over a field K, then passing to the morphism 
between coarse moduli spaces : X — > 7, we see that over the odd section at infinity ^ looks 
like SpecK[jc^,xr,r^]/(?^-M) -)■ SpecK[jc2], which becomes SpecK[X,y2 -wX] -)■ SpecK[X] 
after the substitution X =x^,Y ~xt. Thus, ^ is ramified over the odd section at infinity. When 
this happens, we denote X\ = ^~^(t). Evidently, Ti defines a section of X — >■ T. 

By realizing ,^ as a locally principal subscheme of an A^ -bundle over ^, we see that the 
only singularities of J2^ lying over smooth points of ^ are of type A {y^ = x^+^ , k> 1). 

Definition 3.2 (Pointed quasi-admissible covers). Let M''^ — )■ ©cf)K be the stack whose objects 
over a scheme T are diagrams 

(3.2) JT -^ r i ^D 




such that the diagram obtained by forgetting x satisfies Definition 3.1. The shorthand nota- 
tion for an object in J^^ is {cp: 3^ —^ ^;T,;f,D). We call ,!^^ the stack of pointed quasi- 
admissible covers. 

Lemma 3.3. In Definition 3.1, we have 2^ ~ Specaf/-{ff<^ ©^^^), where ^ is a line bundle 
satisfying J^^ = i)'ay{D) and x*S^ ~ Gj. The Gay -algebra structure on Gay®^^^ is given by 

^-2 4 Gay. 

Proof By the characteristic assumption, the trace morphism Tr: cp^G^ -^ Ga^ followed by 
scaling by 1 /2 gives a splitting (p^ 0x — G?v © =^^ \ for some line bundle =Sf on ffa^/- . Evidently, 
^2 ~ ^a^{D). Since D is disjoint from t, by twisting by 7r*{T*^^^) we arrange for T*=Sf ~ ^t 
without violating the condition that ^^ ~ i^^ (D) . That ^ ~ Speca^ (ffa^®^^^) follows from 
the fact that (p is a finite morphism. D 

Definition 3.4 (Branch morphisms). The branch morphism br : J^ — )• ^ is a forgetful functor 
sending the family in Display (3 . 1 ) to the family of divisorially marked rational curves (7 ; T, D) . 
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The branch morphism br : J^^ — )■ ^ is a forgetful functor sending the family in Display (3.2) 
to the family of divisorially marked rational curves (7; T, (p{x{T)),D). 

Recall that ^^ is the moduli stack of ^'-stable divisorially marked rational curves (cf. Sec- 
tion 2). Below we use the branch morphism to define stability conditions for quasi-admissible 
covers with A and D singularities. 

Definition 3.5 (Stable quasi-admissible covers with A singularities). Fix an integer n>2 and a 
rational number a < 1/2. Consider the weight vector ^ = (l, a"+^) . 

We define J^^^a to be the moduli stack of quasi-admissible covers {(p: ^ — )■ ^; T, D) such 
that (^; T,D) is a ^-stable curves. Alternatively, J^i^a = -^ ^Si^w^ where ^ maps to S^ 
via the branch morphism of Definition 3.4. The objects of M'um are called if -stable quasi- 
admissible covers. 

If 1/(^ + 2) < a < l/(fc+ 1) for some fcG{l,...,/7-l}, then we denote J^,a by ^^. For 
such a the geometric points of ,^n,a are quasi-admissible covers (^ : .^ — )■ '3/\ T,D) such that 

(1) the branch divisor D is of degree n + 1 and of weight a, 

(2) the section at infinity T is of weight 1 , 

(3) (7; T,D) is ^-stable rational curve, 

(4) ^ has at worst Ayt singularities, 

n 



(5) The arithmetic genus of X is 



2. 



Definition 3.6 (Stable quasi-admissible covers with D singularities). Fix an integer n > 4 and 
rational numbers a G (0, 1/2] and /3 G (0, 1 — a]. Consider the weight vector W = (l,/3, a"). 
We define the stack ^n,a.fi to be the fiber product J^^ x^M^, where ^■'^ maps to ^ via 
the branch morphism of Definition 3.4. The objects of ^,,a,j8 are called W -stable pointed 
quasi-admissible covers. 

We now explicate the meaning of y^-stability for pointed quasi-admissible covers. To this 
end, consider the unique integers k and (. such that a and j8 satisfy inequalities 

(3.3) — ^ <a< ^ 



k + 2 - k+l' 

l-(£-M)a</3< 1-ia. 

If ((p: JT — )• ^; T.XiD) is a geometric point of Jf„(y_^, then 

(1) I^ has at worst Ayt singularities, since at most fc+ 1 branch points can coalesce, 

(2) the marked point x can coalesce with (at worst) A(^\ singularity on J^T, 

(3) The arithmetic genus of X is [(n — 1)/2J . 

Because of the above, we denote .^ «./3 by J^[k, I] when emphasizing the singularities allowed 
onX. 

Example 3.7 (A case study of .^[n — 1] and .^[n — l,n — 1]). We begin our study of moduli 
stacks of quasi-admissible covers by proving Parts (4) of Main Theorems 1 and 2. First, we deal 
with the case of ^n[n — 1], the moduli stack of ^^'-stable quasi-admissible covers, where W = 
(1, (l/n)"+^). The stability assumption on {(p: ^ —^ ^;t,D) implies that ^ is necessarily P^ 
and the support of the branch divisor D has at least 2 distinct points, i.e., not all n + 1 points can 
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come together. We denote by 0° the section at infinity. Since it has weight 1, no branch point 
can lie at 00. Further analysis depends on the parity of n. 

We first treat the case of n odd. In this case, a hyperelliptic cover is uniquely determined 
by a branch divisor. It remains to describe the moduli space of degree n + l divisors on A^ not 
supported at a single point. In characteristic every such divisor can be brought into the normal 
form 

x"+^ + Qn-ix"^ ^ H h ao = 0, 

with not all a,- zero. A subgroup of automorphisms of P' fixing 0° and preserving the normal 
form is G^- It acts on SpecK[a„_i, . . . ,ao] \0 diagonally with weights (2, . . . ,n + 1). It follows 
that our moduli space is the weighted projective stack ,^ (2, 3, . . . , n + 1 ) . 

A reader might recall that ^(2,3, ...,«+ 1) is the stack whose objects over a scheme T are 
data (=5?, 52, . . • ,5';7+i) of a line bundle ^ G Pic(r) and sections Sm G H*^(r,^'"). We briefly 
sketch the proof of the equivalence between two categories. 

Given a W-siable cover ((p : JT -> ^; t,D), where W = (1, (l/n)"+^), all geometric fibers 
of ;r : ^ — )■ r are isomorphic to P^ . The existence of t implies that n: ^ — )■ T is a P^ -bundle. 
Since D C ^ is a T-flat divisor on ^ disjoint from t{T), by Lemma 2.9, there exists a section 
o: r — )• ^, also disjoint from t{T). Consider the short exact sequence 

(3.4) ^ ^oj{aiT) - T(r)) -> ^^(a(r)) ^ ^,(r)(cT(r)) ^ 0. 

Pushing (3.4) via n to T, we obtain a split short exact sequence 

where ^ ~ T*^^(-T(r)) ~ a*^^(a(r)) and ^ = n^^^{o{T)). It follows that ^ = 
P(^) =F{^T®^)- The divisor D is the vanishing locus of a section sd E H°(^, ^^{D)). 
Using D ~ (n + l)a(r), we rewrite 

n+l 

HO(r,D) =HO(r,;r,^r(^)) = HO(r,Sym"+i(^r©^)) = 0HO(r,^"'). 

Hence, D defines a section of S£ ^^'^ , . . . ,=Sf""''^ each. It is easy to check that the section of 
^ defined by D is actually 0. We conclude that a ^'-stable cover defines a line bundle =Sf and 
sections Sm G H^(r, .Sf") for each m = 2, . . . ,n + 1. Thus, there is an equivalence between the 
category of #^-stable covers and ^(2,3,. . .,«+ 1) in the case of odd n. 

The case of n even is treated similarly: The only minor difference is that the section at infinity 
T is now odd. Given a ^-stable cover {(p: 3^ —^ '3/\ T,D), the section T(r) lies in the branch 
locus of the map : X — )■ 7 between the coarse moduli spaces. As in the case of odd n, 7 is a 
P^-bundle and the existence of the divisor D cY gives a section o.T^Y disjoint from t{T) . 
We have n^^Y{o{T)) = &j®S£. As before, the divisor D defines sections s^ G H°(r,^"') 
for each m = 2, . . . , n + 1. It remains to observe that by our construction the line bundle ^ ~ 
T*^y(-T(r)) has a square root because ^y(T(r)) pulls back to the line bundle ^x(2Ti(r)) 
via 0. Hence, we can write ^ ~ ^^ and we conclude that giving a family of ^-stable covers 
over T is equivalent to giving a line bundle ^ on T and sections 5,,, G H^(r,^^™) for each 
m = 2,...,n+l. This shows that ^[n-1] ~ ^(4,6,. . .,2(n+ 1)). 

We remark that in positive characteristic the stack J^[n — 1] can have nonreduced stabilizers, 
as Example 2.5 shows. Furthermore, in positive characteristic, M'n\n— 1] is in general not 
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isomorphic to ^ (2, 3 , . . . , n + 1 ) or ^ (4, 6, . . . , 2 (n + 1 ) ) . We refer to [AV04] for the description 
of the stack of degree 2 cyclic covers of P^ in this case. 

Finally, we briefly sketch what happens in the case of .^ [n — 1 , n — 1] . Take /3 = a = 1 /n, and 
for y^ — (l,/3,a"), consider a ^-stable pointed quasi-admissible cover {(p: 3^ —f ^;T,;t;,D). 
The coarse moduli space F — )► T is a P^ -bundle with a section o := cp o x : T ^ Y disjoint 
from t{T) and such that D ~ no. Moreover, we have ;r*^y(a(r)) = ^^ ©=Sf, where ^ :ii 
T*^y(-T(r)) ~ <7*^y(a(r)). As before, we see that D defines sections s,n G H°(r,^'") for 
m = 1 , . . . , n and that =Sf has a square root when n is odd. It remains to observe that in the 
presence of the section X' T — ;■ X, the line bundle a* 6y (D) has a square root because D pulls 
back via (p to the square of the ramification divisor Ram((p). Since J^" ~ o*ffY{no{T)) ~ 
o^ffy^D), we conclude that ;^*(Ram((p)) gives us a section of the square root of ^". It is now 
clear that 

f^(f,l,2,3,...,n-l), ifniseven, 

^ ^ |^(«,2,4,6,...,2n-2), ifnisodd. 

We note that the explicit presentation of J^n[n — 1] given above in the case of odd n has an 
added advantage of proving that .^[n — 1] ~ [Def(A„) \ /Gm], where the G^ action is given 
by Equation (1.1). Similar arguments apply to give the following result whose proof we omit. 

Corollary 3.8. For G^ actions on Def(A„) and Def(D„) given in Equations (1.1) -(1.2), 

(1) J^nVi-l] ~ [Def(A„) \0 /G,„], 

(2) ^, [n - 1 , n - 1] ~ [Def(A,) \ 



The following two theorems establish that J^n [k] and ^n [k, £] are proper and smooth Deligne- 
Mumford stacks over K. 

Theorem 3.9. The stacks M'n \k\ and M'n [fc, ^] are proper Deligne-Mumford stacks over K. 

Proof. Evidently, the forgetful natural transformation J^n[k,i] — )■ =^[fc] is representable by 
proper Deligne-Mumford stacks. Thus we reduce to the case of J^n[k\- By Definition 3.1, 
the branch morphism br : J^n[k\ —^ ^w factors through M^^^. Given a family of even rational 
orbicurves, there exists a unique quasi-admissible cover over it (with fij of extra automorphisms 
if n is even). Thus, the morphism ,^[fc] — > M^^^ is representable by proper Deligne-Mumford 
stacks. FinalUy, M^^^ is a proper Deligne-Mumford stack over K by Theorem 2.13. This 
finishes the proof. D 

3.1. Deformation theory. 

Theorem 3.10. J^n[k] and J^„[k,£] are smooth Deligne-Mumford stacks over K. 

Consider a pointed quasi-admissible cover over T = Spec IK as in Display (3.2). Note that the 
divisor D is uniquely determined by (p. Similarly, when T is even, the section Ti determines T2- 
Therefore, we reduce to the study of the deformation theory of 

(3.5) jT ^-^ r 

(^i)^Specr 
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Note that the deformations of the closed immersions Ti : Spec IK — ;■ ^, if T is even, and of 
T : Spec K — 7- ^, if T is odd, are unobstructed because T lies in ^smooth s^ /) ^y Definition 3.1. 
It follows that the obstructions to deforming Diagram (3.5) vanish as long as the diagram 

(3.6) JT ^^ r 

SpecT 

is unobstructed. 

Suppose now that {(p: ^ — )■ ^; ;^) is a cover as in Diagram (3.6) over T = SpecA, where A 
is a local Artinian K-algebra. Set D = br((p). We say that an open affine cover il = {t/(},e5 of 
W is adapted if every point of D + ^{x) + Sing(^) is contained in exactly one Ui. 

Lemma 3.11. Let {cp: ^ -^ ^;z) ^^ ^ quasi-admissible cover over a local Artinian K- 
algebra A, and il — {Ui}i^s ^^ '^^ adapted affine cover of W . Consider a IL-extension — )■ 
/ — )• A' — )■ A — )■ 0. Then any collection of deformations of (p \ u, over A' , for every i G S, gives rise 
to a global deformation of{(p: 2J -^ ^ ;%) over A'. 

Proof. By the assumption, the intersections Ut fl Uj are smooth affine schemes and so have only 
trivial deformations. It follows that there is an isomorphism gij G H*^([/,j, T^ ^I) between the 
restrictions to Ujj of deformations over Ui and Uj; here, T^ = J^om{0.\^ ffy). The vanishing of 
the associated 2-cocycle in H^ {Y,T^ ® I) is a necessary and sufficient condition for the existence 
of the requisite global extension of ((p: Jf -^ ^\X,D) to A'. But 11^(7, T^ 0/) =0 because 7 
is proper of dimension one. D 

Proposition 3.12. Let (p: ^ ^ '3^ be a quasi-admissible cover over Spec K. For any adapted 
cover il = {Ui}i^s of^ the map 

Def((p)^nDef(<Plf/,) 

is formally smooth. 

Proof. This is Lemma 3.11. D 

Proof of Theorem 3.10: Let (9: 2^ — )• ^;T,;t^,D) be a pointed quasi-admissible cover over K. 
By Proposition 3.12, we need only to check that for every affine chart U in an adapted open 
cover il = {t/,};e5 of ^, the deformation space Def((p|[/,) is formally smooth. The analysis 
breaks down into several cases. 
Case I: U contains an (orbi)node. The module of Kahler differentials of 5 = A[x,y]/(x,j) 

has a two-term free resolution O^B—i^B(BB^ ^b/a ~^ ^- ^^ observed in [AV02], the 
above resolution is /i2-equivariant for the action {x,y) — )■ (— x, —y). It follows that locally at the 
(orbi)node the projective dimension of Q.jj is 2. In particular, Ext^(Q^, ^u) = and Def(C/) is 
smooth. It remains to observe that since (p is finite etale over U, the map De{{(p\u) — )■ Def(f/) 
is formally smooth. 

Case II: U is smooth and contains (p{x)- Let U = SpecA[x] and (p^^{U) = SpecA[x]/{y^ — 
f{x)). Without loss of generality, the section x is {x = 0,y = ao), where Aq = /(O). For an 
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arbitrary K-extension A' —^ A —^ 0, we would like to find a lifting of f{x) and uq to A'[x\ and 
A', respectively. Write f{x) = xg{x) +aQ. Take g'{x) to be an arbitrary lifting of ^(jc) and Uq be 
an arbitrary lifting of gq. Then f'{x) — xg'{x) + {gq)'^ G A'[x] is a lifting of f{x) to A'[x] and the 
section x' '■ ix = 0,y = Oq) is a lifting of X- 

Case III: U is smooth and does not contain (p{x)- This is the simplest case: the deformations of 
(p\ij are the same as deformations of U together with the divisor DDU. The deformation space 
is smooth because U is a smooth one dimensional affine scheme. D 

Propostion 6.1 of Section 6 establishes the equivalence between deformations of an A^t-i 
singularity with a section and aD^ singularity. Using it, we rephrase Proposition 3.12 as follows. 

Proposition 3.13. Let{(p: ^ ^'3^; z^x^D) be a pointed quasi-admissible cover. Supposethat 
D = kopo + Yfi=i{ki + 1 )pi, where pi are distinct points of 'W . Further assume that (p{x) = Po- 
Then the natural morphism 

Def((p) ^ Def(D^J x Def(AfcJ x ■ ■ ■ x Def(A^J 

is formally smooth. 

4. The log minimal model program for 3a and 3d 

In this section, we prove Parts 5 of Main Theorems 1 and 2. The key part of the argument is 
the positivity of certain log canonical divisors on J^n,a and ^n^a,p^ which we establish using 
[Fed 10]. Throughout, we use standard notation for the divisor classes on moduli spaces of 
pointed curves. 

We begin by introducing natural Cartier divisor classes on J^n.a and ^ a^g, which we define 
in terms of divisor classes on moduli spaces of weighted pointed curves. Given a weight vector 
s^ = (l, a, . . . , a) ox s^ = (l,/3, a, . . . , a), consider the moduli space ^q,^ of .eZ-stable ra- 

tional curves [Has03]. We recall that irreducible boundary divisors on ^o,^^ are parameterized 
by partitions / U 7 = =2/. We arrange / to always contain weight 1 . Set 

Aodd:= £ A7,7, A, := £ A/,y, 

|/| is odd and £,gy «; > 1 l-/|=2, Le^"'^! 

Aeven := ^2 ^^"^ ' A : = Aodd + Aeven ■ 

\J\ is even and Y,ieJ '^i > 1 

When £/ = (l,/3,a,.. .,a), we also denote by Afjn;t: ^^^ divisor of curves (C;T,;t,{o',}"^j) in 

^o,ji/ such that a,- = x for some /. In other words, Afjn;^: parameterizes curves where the point 

of weight /3 coincides with one of the points of weight a. When a + /3 > 1 , we take Aanx ~ *-*• 

Let q : ^o.^ ~^ -^o.^/© be the quotient map, where & = 6„+i if =2/ = ( 1 , a, . . . , a) , and 

n+l 

6 = e„if£/ = (l,/3,a,...,a). For yT = (l,a"+i) or >r = (l,/3, a"), we abuse notation and 




denote ^OX -^ ^W also by q (cf. Section 2.1.1). This abuse is inconsequential to the study of 
divisors, since the coarse moduli map ^^^ — )■ ^ox/® ^^ ^^ isomorphism in codimension one. 
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Given D C ^o,^/' we let q(£>) be the reduced image. We also conflate the branch morphism 
br and its composition with M^ — )• ^q^^/&. 

4. 1 . Boundary divisors on ^n.a and J^n.a.p' We let Str to be the divisor (on J^^,a or J^„^a,p) 

parameterizing covers 3^ —f I!/ such that 2^ has a singularity lying over a smooth point of ^. 
Equivalently, a cover is in bi^ if the branch divisor has a point of multiplicity at least 2. It 
follows that 

5i„ = br*q(A,). 

We let 5red to be the divisor parameterizing reducible covers <^ — )■ ^. A cover is reducible 
if and only if 'W has an (orbi)node. In terms of divisors on J^q^j^/& we have that 

5red = br* q(Aeven) + T ^r* q(Aodd) ■ 

On M'na,fi we define the Weierstrass divisor 5w to be the locus of (9: ^ -^ ^■,x,X-,D) 
such that ;t is a ramification point of 9. Equivalently, 

5M/=br*q(Afjnx)- 

4.1.1. Log canonical divisors on M'n.a- Let W = (l,a"+^). Recall that ^y(/ is the moduli 
space of ^'-stable rational curves with a section at infinity of weight 1 and a divisor of degree 
n-\-\ and weight a (see Section 2). Consider the commutative diagram 

(4.1) 




Lemma 4.1. 

(a) The morphism q : ^o.^/ ~^ -^0,^/®"+! ^^ simply ramified over A^. 

(b) The morphism br : J^^,a — ^ -^o.a/f&n+l is simply ramified over ^(Aodd)- 

Proof. We note that (a) is standard: the quotient morphism is always ramified over the locus 
where the stabilizer is nongeneric (in our case, non-trivial). A local computation shows that the 
ramification is simple. 

To prove (b), observe that the morphism br is ramified along the codimension one locus 
of hyperelliptic covers having an extra automorphism. These are precisely reducible covers 
possessing an odd node. By our convention, such covers map to the divisor q(Aodd)- n 

Proposition 4.2. The canonical divisor of J^n,a is Kj^^ ^ = br*(D), where D is the divisor on 

Rw = ^ox/®«+i satisfying 

3 

q* {D) = \if- A, - 2Aeven - ^ ^odd 
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Proof. By Lemma 4.1(b), we have A',^^^ = br* (^i?^^. + ^q(Aodd))- By Lemma 4.1(a), we have 
q* {Kr^^. + J q(Aodd)) = K-g — A^ + jAodd- It remains to recall that by the Grothendieck- 
Riemann-Roch formula (see also [Has03, Section 3.1.1]): 

^3^0 ^ = V^a + V^T - 2A = V/ - 2Aeven - 2Aodd- 

n 

4.1.2. Log canonical divisors on ^n,a,Q- The canonical divisor of ^n.a,fi is computed analo- 
gously. Let W = {l.P, a") and £/ = (l,j8,a,...,a), and consider the diagram 



(4.2) JK,a,p ^^^^^ > H^f^p 



br 



br 



-^0,^ ^ ^T ^^^^ ^ '^0,.e//&n = RW- 

The minor difference is that the morphism br: J^j_a,p '~^ Rw is now ramified over q(Aodd) 
and q(Afjn2)- Therefore, K^„^^ = br* (i^^^^, + ^q(Aodd + AfTn;c)) . The quotient morphism 
q • -^0 s^ —^ -^0 si l^n is Still ramified only at A^. It follows that 

q* \^Rt + 2 ^(^odd + AcTn;t) j = ^Za,,,,^ ~ ^^ + 2 ^^°^'^ ^ ^''''^^ 

3 1 

= V^T + V^CT + V^;t - A, - 2Aeven - ^^odd + l^l^or^x- 

We summarize these computations in the following proposition. 

Proposition 4.3. The canonical divisor of ,^,^^ p is K^^ „ « = br*(D), where D is the divisor 
on Ry^ = ^Q,j^/&n satisfying 

3 1 

q* {D) = \ir- A, - 2Aeven - 2 ^odd + :j^anx ■ 

4.2. Log canonical models of 3a„- Fix an integer n > 2. In Section 5, we show that for 
k! >k there exists a natural reduction morphism J^i[k\ — )■ J^^[k']. If k^ is even (resp. odd), the 
morphism ^n[k] -^ ^n[k'] replaces a tail of genus k'/2 (resp. a bridge of genus {k' — l)/2) by 
an Aj^i singularity. We obtain a sequence of birational contractions 

^n[l] -^ J^n[2] -^ . . . ^ J^n[n " 1], 

where the initial space =^[1] is the stack of Harris-Mumford admissible covers of genus [|J 
(recall that admissible covers have at worst Ai singularities), and, by Example 3.7, the final 
space is 

^\ 11 ri^ f^^ ^ n/^i /'^(2,3,...,n + l),ifnisodd, 
M,i\n — 1 ~ Pef(A„) \0 / G,,, ~ < 

^ J L V «; / m\ |^(4^6^___^2n + 2),ifniseven. 

(It is important to note that the generic stabilizer of ^n[n — 1] is /i2 in the case of even n.) 
In what follows, we describe the intermediate spaces as log canonical models of J^^[l]. 
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Proposition 4.4. The divisor K^^ ^ + ( a + 1 /2) 5,>,- + 8red is ^ pullback of an ample divisor from 
the coarse moduli space. 

Proof. By Proposition 4.2, we have ^^, „ + {a + l/2)5irr + Sr&d = br*(D), where D is the 
divisor on ^o,i<//®«+i satisfying 

3 1 

q* {D) = {\i/^ + \l/a- A, - 2Aeven - ^^o^d) + (205 + 1 ) A, + (Aeven + ^^odd) 

= \(rT: + \l/a + 2a As- An- 
By [FedlO, Theorem 4], the divisor V^t + V^a + 2aA5 — A„ is ample on ^q^^. D 

We obtain the following result which finishes the proof of Part 5 of Main Theorem 1 . 
Theorem 4.5. Let ke{\,...,n-\}, then for any a e {\ + ^, \ + ^] fl Q 

Hn[k] = Proji? {.J^n[l].K^„[i] + aSirr + dred) ■ 

In other words, the coarse moduli space ofJ^n[k] is a log canonical model o/=^[l]. 

Proof. By Proposition 4.4, the divisor K^^^ ^ + adin + d^ed is a pullback of an ample divisor 
from the coarse moduli space. Let /: =^[1] — ?■ J^i[k], then the discrepancy 

is effective for a < 2(k+i) ^y Lemma 5.4. The thesis now follows from [HH09, Proposition 
A.13]. 



D 



4.3. Log canonical models of ^o„- Fix a number n > 4. In Section 5, we construct a natural 
reduction morphism Jifn[k,£] -^ J^n[k', i'] (for k'>k and i' > £) such that 

• If kf is even (resp. odd), then any tail of genus k' /2 (resp. a bridge of genus {k/ — l)/2) 
is replaced by an Ai^i singularity. 

• If i' is even (resp. odd), then any pointed bridge of genus i' /2 — 1 (resp. a pointed tail 
of genus {£' — l)/2) is replaced by a D£f singularity. 

We obtain a lattice of moduli stacks, where each arrow is a divisorial contraction: 



=^,[1,1] 



^„[2,1] 



-^^«[1,2] 



c^[2,2] > J^„[2,3] 



-4- ••• 



-^ •• 



Jf„[n-2,l] >.J^^[n-2,2] 



J^„[n-\,\] >.je„[n- 1,2] 




->• J^„[n — 2,n— 1] 



rJ^j [n — \,n — 2] > M'n [« — 1 , « — 1] 
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^41 5 1] is the Stack of 1-pointed admissible covers of genus [^^J and by Example 3.7 

,,,,,_, f ^(n/2, 1,2,3,. ..,n— 1), ifniseven, 
^ ' J L V n; / «J 1^(^^2,4,6,. ..,2n-2), ifnisodd. 

We now describe the intermediate spaces as log canonical models of =^[1, 1]. For this we look 
at special log canonical divisors described in the following proposition. 

Proposition 4.6. The divisor K_^^ ^+(a + l/2) 5,>^ + 5^^^ + (2 a + 2/3 — 1 ) 5iy is a pullback of 
an ample divisor from the coarse moduli space. 

Proof By Proposition 4.3, we have i^,^^ ^^ + («+ 1/2) 5irr + 5red+ (2a + 2/3 -\)5w = br*(D) 
where D is the divisor on ^o,.c//®« satisfying 

3 1 

q*(D) = (v/- A, -2Aeven - 2^odd+ 2^cTn;t) + (2a + 1)A, 

+ (Aeven + ^^odd) + -(2a + 2/3 - l)Aan;t 
= Wx + W(y + Wx-^n + 2aA., + (a + /3) Aan;^ 
Applying [Fed 10, Theorem 4] for the weight vector s^ = (l,/3, a, . . . , a) we conclude that 

n 

is ample on ^o,^- ^ 

Proposition 4.6 together with Lemma 5.4 and [HH09, Proposition A. 13] finish the proof of 
Part 5 of Main Theorem 2. Specializing to the case of a + /3 = 1/2, we obtain the following 
result. 

Theorem 4.7. Letke{2,..., 2n-A]. Then J^n,i/k,{k-2)/2k = ^n[k-l,i], where i = [k/2\ + 1. 
In particular, for Of = ^ + ^ 

H„[k-l,£]=Pm}R{j^,[l,l],Kj^^[,^,] + a5„.r+5,ed). 

Remark 4.8. Note that by Theorem 4.7, the singularities A^^i and Df appear at the threshold 
values of a that equal to the log canonical thresholds of the discriminants inside deformation 
spaces Def(A^_i) and Def(D^) (see Section 1.2.3). 

5. Reduction morphisms 

In this section, we establish the existence of natural reduction morphisms between stacks 
Jifn[k,£]. Recall that J^n[k,i] = '^n,a.j5 parameterizes pointed quasi-admissible hyperelliptic 
covers (9 : ,^ — > ^; T,;^,D), where the branch divisor D has degree n and weight a and the 
section x has weight /3 . The integers k and £ are determined uniquely by the inequalities 

1 1 

(5.1) - — T<a< 



k + 2 - k+\' 
l-(£+l)a</3< 1-ia. 
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The Starting point for us will be the existence of reduction morphisms between moduli stacks 
of divisorially marked rational curves. Namely, if #^ = (l,j8, a") and W = (l,/3', («')") are 
weight vectors such that a> a' and /3 > /3', then by [Has03, Theorem 4.1] there exists the 
reduction morphism ry^,yyi : ^-^ — ?■ ^g^i. Before we proceed we make a useful observation. 

Lemma 5.1. Let {k,tj and {k',£') be the integers associated to weight vectors W and W and 
uniquely determined by Inequalities (5.1). Then the reduction morphism. r-^ yfi : ^^ — )■ ^-^i 
exists as long as k <k' and £ < £'. When this happens we say that (fc, i) :< (A:', i'). 

Proof. The lemma says that the morphism ryf -p-i exists even when /3' > /3 or a' > Of as long 
as the condition {k,€) -< {k' ,C) is satisfied. The idea of proof is clear: The #^-stability is a 
condition on how many points of weight a and /3 can come together and so ^p- does not 
change as long as integers k and £ remain constant. We establish the existence of the reduction 
morphism after tweaking the weights in such a way that ^y^ and ^y^i are unchanged but 
[Has03, Theorem 4.1] now applies. 

It suffices to supply the proof for the cases {k',i') = {k+l,i) and {k' ,(,') = (/c,£+ 1). In the 
former case, we take a = 1/(^ + 2) +£, a' = \/{k + 2), [5 = l-ia, j5' = l-{f + l)a + 5, 
where < e, 5 ^ 1. Then a > a' and /3 > /3', so the reduction morphism exists. In the latter 
case, we take a = a' = l/{k+l),j5 = l-£a,j5' = l-{£'+l)a. Then a = a' and /3 > /3', so 
the reduction morphism exists. D 

Theorem 5.2. Lef #" = (l,/3, a") and #" = (l,/3', (a')") ^^ weight vectors satisfying {k,i) < 
{k',i'). Then there exists a natural birational reduction \-morphism 

ry^^y^r. J^n[k,i]^J^n[k',i']. 

The case of J^n[k] is simpler. We state it here without a proof for the sake of completeness: 

Theorem 5.3. Let W = (l,a"+^) and W = (l,(a')"^^) be the weight vectors with a G 
(1/(^ + 2), l/(fc+ 1)] and a' G (l/(fc' + 2), 1/(A:'+1)], wherein > k. Then there exists a natural 
birational reduction 1 -morphism 

rp',W' '■ '^n [^] -^ "^n \k ] . 

Proof of Theorems.!: As in Lemma 5.1, we can assume that either {k' ,(,') = (^+ 1,£) or 
{k' ^d) — {k,l+\). Moreover, we can tweak weight vectors W and W so that a > a' and 
j8 > jS' without changing JK[k,i] and ,J^,[k',i']. 

Denote Jif := J^n[k,i] and J^' := J^^[k^,i']. As J^ is a smooth proper Deligne-Mumford 
stack over K by Theorems 3.9 and 3.10, there exists a surjective smooth morphism T — > J^ from 

a smooth scheme T. We will construct a morphism f:T^ J^' such that for T x ^ T -^—t- T 
the two morphisms /oprj and /opr2 are isomorphic and the isomorphism satisfies the cocycle 
conditions onTx^Tx^r. By descent, this will define a 1 -morphism J^ — )■ J^' . 

To begin, let (9 : ^ — )■ ^; t,x,D) be the exhausting family over T. By Lemma 3.3, ^ ~ 
Speca^ Go)/ © ^^ ^ , where ^^ = Ga>/ (D) . Let p : ^ — )■ 7 be the morphism to the coarse moduli 
space. By definition, 7 is a family of y^-stable divisorially marked rational curves. By [Has03, 



2 
The proof in [Has03] is given for weighted pointed curves but generalizes word for word to the situation of 

divisorially marked curves. 
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Theorem 4. 1], we can fonn a r-morphism ^: 7 — )> 7' such that Y' is a #"-stable rational curve. 
Moreover, the formation of ^ commutes with base change. Briefly, the reduction morphism ^ 
contracts all rational tails in the fibers of 7 — )■ T on which the divisor %/r ( T + a'D + ji'x) has 
non-positive degree to smooth points in the fibers of 7' — )• T. Denote by S" the union of the 
contracted curves. Then ^ is an isomorphism away from £'. 

Set U :^Y' - Sing(77r) and V :=¥' -t, (E). Then U and V form an open cover of Y'. 
Since p : p^^{V) — )■ V is an isomorphism, we can construct a T-orbicurve ^' as the union of 
U and p^^{V) along U HV. In words, ^' has the same stack structure as ^ away from ^ (S") 
and is isomorphic to 7' in a Zariski neighborhood of ^ (<f ). The 1 -morphism ^' — 7> ^ is also 
denoted by ^ . 

Since T is smooth, we have that ^' is a smooth scheme in the neighborhood of ^{S"). 
Moreover, we have codim((^ (^), ^0 > 2 and codim(Sing(^77'). ^0 > 2- Therefore the line 
bundle =$f and the Cartier divisor D uniquely extend from U DV to IV' . Denote these exten- 
sions by ^' and D' . Clearly, (^')®^ = ^^'(^0- The compositions x' = ^ox\ T ^ ^' and 
l' = ^°1'- r — )■ ^' are sections. 

By construction, "W marked by t',;^' and D' is a #"-stable even rational orbicurve over T . 
Since the formation of Y' commutes with base change, so does the formation of ^' . Same holds 
for the formation of x' and x' ■ Finally, the formation of D' commutes with smooth base change. 
It follows that {?V'\ x' ^x' ^D') is a #"-stable even rational orbicurve and there is an isomorphism 
pj-* ai/'i r^ pj-* ^' Qf gygj^ rational orbicurves over T Xj^T whose puUbacks satisfy the cocycle 
conditions onT Xj^--T x^T. 

We now define JT' := Speca^,{Oai^i © (^')"^). From the construction, t,^{&a^ ® ^^'^) = 
0^>®^'^\ It follows that <^*(9*^^) = Og^f © i-^'y^- The induced morphism JT -> JT' is 
such that ^ -> JT' ^ ^' is the Stein factorization of JT ^ ^'. Clearly, SC' ^ SC contracts 
those components in the fibers of ^ — )■ T which cease to be ^'-stable. Finally, if x is even, 
we define sections X\,X2: T —f 3^' as compositions of Ti,T2: T — )■ ^ and 2^ —f 2^' . This 
finishes the construction of the family of quasi-admissible covers over T inducing a morphism 
f:T^f ,^' . Since all of the steps in the construction are canonical and commute with smooth 
base change we conclude that / descends to a morphism ,^ — 7> ^', as required. D 

Local structure of reduction morphisms. We focus on the case of / : ^ \k, i] — )> J^„ [k+l,i] 

and g : ^ [k, i] -> J^„ [k,i+l], the remaining cases being analogous. 

Note that / : J^n [k, i] — )■ .^ [A: + 1 , £] contracts the divisor defined as the closure of the locus 
of reducible quasi-admissible covers ((p: .^ — )> '3^;x,X,D) such that 7 has a rational compo- 
nent R meeting the rest of 7 in a single point and such that degD\R = k + 2. If fc is odd, the 
component of X lying over 7? is a hyperelliptic curve of genus {k+l)/2 meeting the rest of X 
in two conjugate points; we say that the cover has a tail of genus {k+ l)/2. If k is even, the 
component of X lying over 7? is a hyperelliptic curve of genus k/2 meeting the rest of X in a 
single Weierstrass point; we say that the cover has a bridge of genus k/2. Evidently, there is an 
isomorphism 

The morphism g: J^n[k,i] — )■ J^n[k,i+ 1] contracts the divisor defined as the closure of 
the locus of reducible quasi-admissible covers (cp: .^ — )■ ^; T, J, Z)) such that 7 has a rational 
component R meeting the rest of 7 in a single point and such that degD\R = i+l and (p{x) ^R- 
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If i is odd, the component of X lying over i? is a hyperelliptic curve of genus {i—l)/2 meeting 
the rest of X in two conjugate points; we say that the cover has a pointed bridge of genus 
(£ — l)/2. If £ is even, the component of X lying over i? is a hyperelliptic curve of genus £/2 
meeting the rest of Z in a single Weierstrass point; we say that the cover has a pointed tail of 
genus 1/2. Clearly, there is an isomorphism 

Exc(g)~jr^+i[;t,£]. 

Using functorial interpretation of morphisms / and g given above, a routine computation 
with explicit test families gives the following result. 

Lemma 5.4. We have 

K^n [kA + ( a + 1 /2) ^irr + ^ed + {la + l^-\)8w 

-r(^^i[^+i/] + (a + l/2)5,>,.+ 5,,rf + (2a + 2/3-l)5M/) = (l-(fc + 2)a)Exc(/) 

and 

K^n [kA + ( a + 1 /2) dirr + 5,,rf + (2a + 2/3 - 1 ) 5w 
-g*{.K^i,[ki+i] + {a + \/2)8irr+8red+{2a + 2^-\)dw) = {l-{l+l)a-^)E^c{g), 

where Exc(/) and Exc(^) are effective (multiples of) divisors contracted by f and g. 

6. Deformations of D singularities 

In this section, we explain how to view pointed quasi-admissible covers of Definition 3.2 as 
curves with D singularities. More precisely, we establish the equivalence between deformations 
of an A„_i singularity with a section and a D„ singularity. 

To begin, let X = SpecK[[x,y]]/{y^ —x") be the A„_i singularity and s = (0,0) e X he a 
section. Consider the local deformation functor Def(X,s) which sends an Artinian K-algebra A 
with the residue field K to the set of isomorphism classes of Cartesian diagrams 

X > jT 

z 
Spec K > Spec A 

We have the following result: 

Proposition 6.1. The functor Def(X, s) is naturally isomorphic to Def(Z)„), the local deforma- 
tion functor of the Dn singularity SpecK[[x, m]]/(x(m^ — x"^^)). 

Proof. To prove the statement, it suffices to establish an isomorphism between versal deforma- 
tion spaces of Def{X,s) and Def(D„). To begin, a miniversal deformation space of an isolated 
planar singularity K[x.,y]/{f{x.,y)) with a section (x^y) = (0,0) can be taken to be the K- vector 
space 

m/{f,m-{df/dx,df/dy)), 



30 MAKSYM FEDORCHUK 

where m = {x,y) C K[x,y]/{f{x,y)) is the maximal ideal (see, e.g., [KM04, Section 2] or 
[MvSOl, Lemma 2.1]). Moreover, if monomials x'yj form a basis of the said K-vector space, 
then 

SpecK[..,3;, {t,j}]/{f{x,y) - J^r^^y ) ^ SpecK[{?,-,}] 

is the miniversal deformation with the universal section E : {x = y = 0}. Applying this to 
f{x,y) =y — x", we obtain that T :=K[b,ao,. . . .an-i] is the base of the miniversal deformation 
ofDef(X,^)and 

jr := {/ - by-x" - Un-ix"'^ ao^ = 0} C A^^. x T 

is the miniversal family. 

Next, let E : {x = 0,y = 0}he the universal section, and Z' : {x = 0,y — b = 0} he the conjugate 
section. Since E' is not a Cartier divisor on the total family ^, we can blow-up E' to obtain a 
new family 

^ := B% JT 

of plane curves over T. By construction, we can regard ^ as a subvariety of PL.^, x A^ x T. 
We proceed to describe it by explicit equations: In the locus where V 7^ 0, we have y — b = xU /V 
and the equation of ^ in terms of .x; and u := U /V is 

(6.1) xu^ + ub-{x"^^ +an-2x"^^-\ hao) =0. 

By the discussion in Section 1.2.2, Equation (6.1) defines precisely the miniversal deformation 
of the Dn singularity x{u^ —x"^^) = 0. In particular, the central fiber of ^ — ;■ T has a unique 
singularity of type D„, and the family ^ — )• T is its versal deformation. This finishes the proof 
of the proposition. 

We note that, more generally, the blow-up ^ — )■ ^ replaces a fiber of,^^Tm which the 
section E coincides with an A^_i singularity by a fiber of ^ — )■ T with a D^ singularity. This 
effect on fibers is illustrated in Figure 2. D 






'D2" : x(u^ - I) = 



A2 > J\ D3 : x{u^ - x) = 




X-' - ^ 



D4 : x(u^ - x^) = 



Figure 2. Replacing an Ayt-i singularity with a section by a D^ singularity. 



7. (A,D)-STABLE REDUCTION 

Given a proper integral curve C of arithmetic genus g ^ with a single isolated smoothable 
singularity p, one has a rational moduli map j: Def(C) ---> ^g. The problem of resolving 
the indeterminacy of j plays an important role in the study of alternate compactifications of 
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^g (cf. Section 1). Recently, Casalaina-Martin and Laza have described an explicit alteration 
sufficient to regularize the moduli map in the case when dc,p is an ADE singularity [CMLIO, 
Main Theorem]. We briefly describe their approach: 

First, one passes to the Weyl cover of Def(C) (see [CMLIO, Section 2] and references therein) 
- a finite base extension after which the discriminant divisor Ac C Def (C) becomes an arrange- 
ment of hyperplanes. After the wonderful blow-up of [DCP95] the discriminant becomes a sim- 
ple normal crossing divisor. An application of the extension theorem of de Jong-Oort [dJ097, 
Theorem 5.1] (see also [Cau09, Theorem 1.2]) now gives a morphism to the coarse moduli 
space Mg. Finally, one verifies that the family of stable curves away from the discriminant 
extends to a family over the generic point of every irreducible component of the discriminant, 
except for the components corresponding to A2k singularities. A further finite base change is 
required to obtain the extension of the morphism to the moduli stack ^g. We refer to [CMLIO] 
for more details. 

An application of our Main Theorem 2 is an iterative functorial resolution of the indetermi- 
nacy of the moduli map j : Def(C) — ■> ^ g in the case when C has only A and D singularities. 

Theorem 7.1 ((Ayt,Z)^)-stable reduction). Suppose '^ —^ Def(D„) is the miniversal deformation 
(n > 4). Then for integers k and i such that i < mm{k+ l,n}, there is a representable by 
proper Deligne-Mumford stacks morphism fj^£ : T — )■ Def (D„), which is an isomorphism away 
from A C Def(D,j), such that ^|Def(Ai)\A extends to the family of curves with at worst Aj^ and 
Dg singularities over T. 

Proof. To begin, consider the moduli stack J^n+i [t^^ i^] with the universal quasi-admissible cover 
(p: 2^ -^ "^V . We restrict to a neighborhood of the distinguished point in .^_|_i[n,n] corre- 
sponding to the unique quasi-admissible cover with a D„ singularity (cf. Proposition 6.1). By 
Proposition 3.13 , there is an etale neighborhood IJ of this point that is isomorphic to Def(D„). 
Moreover, the restriction of ^ — )■ .^-|-i[n,n] to t/ is the miniversal deformation of D„, and if 
5 := 5irr U 5red U 5vK C J^r+i [n,n], then [/ n 5 = A C Def(D„). 

Consider now the reduction morphism /: J^n+i[k,i] — )■ =^+i[n,n]. By construction, / is 
an isomorphism over .^+i[n,n] \ d and the universal cover over J^^^i[k,i] agrees with J^ 
over ,y^^^i[n,n] \ d. By definition, the universal cover over J^+i[kj£] is a family of quasi- 
admissible covers with at worst A^ and Dg singularities. Passing to the relative coarse moduli 
space over J^n^i[k,i] (this is possible because the characteristic is 0), we obtain a family of 
curves with at worst A^t and Dg singularities extending the miniversal family over Def(D,i) \ A. 
It follows that 

fk/ ■■= /|/-i(i/) : f-\U) -^ [/ ~ Def(D„), 
is a requisite morphism. D 

We note that in practice one desires an explicit blow-up procedure that, for an arbitrary family 
of curves, allows one to replace A^ singularities in the fibers by hyperelliptic tails with at worst 
Ak-i singularities, and to replace Dg singularities in the fibers by hyperelliptic tails with at 
worst A£_i andDg^i singularities. Proposition 6.1 (and explicit blow-ups presented in its proof) 
reduces the problem to that for A singularities only and the following proposition (essentially 
generalizing [Fed07, Section 5. 1] to the case of all k) is an illustration of Theorem 7. 1 for the A 
case. 
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Proposition 7.2. For a miniversal family '^ ^ T of an A]^- singularity (y'^ = x^^^) there is an 
alteration f: T' —> T and a weighted blow-up ^' -^ ^ xjT' of the A^-locus in the fibers 
such that ^' — )■ T' is a fiat family of curves with at worst A^^-i singularities and such that 
'^'L-WQ^ ~ ^ U ^ is a union of two irreducible components such that "Wi — )> /^^(O) is an 
isotrivial family of normalizations of the central fiber ^q and ^ — )■ /^^ (0) is a family of curves 
in,jrk[k-l]. 

Proof. We can assume that T ~ SpecK[ao,ai, . . -.cik-i] and the miniversal family ^ is given 
by the equation 

2 k+ 1 k— 1 

y =x +ak-\x H \-a\x + aQ. 

We begin with a finite base change a,- = b^^^^^\ Set T' to be the blow-up of Spec K[Z?o, • • • , ^/t-i] 
along the ideal (Z?o, • • • ,^/t-i) and denote the resulting morphism T' — )■ T by /. By construc- 
tion, / is a composition of a faithfully flat finite and a proper birational morphisms. Consider 
the customary affine cover T' = U/=o^; where Uj = SpecK[M,co, . . . ,Cj, . . .,Ck-i]. Then the 
morphism Uj — )■ T is given by 

bi I— 7> uci for i 7^ j and bj^^ u. 

Note that the exceptional divisor E := /^^ (0) of / is defined by the equation u = onUj. 

We claim that performing a weighted blow-up of^ XjT' with weight(x, j, w) = (2, fc + 1 , 2) , 
or, to put it differently, taking <^' := Bl^(<^ xr T') where ^ = ((^£,;c)('^+i)/2,);) if k is 

odd, and ^ = ((j^£,x)^+\);^, );(./£, ;c)^'^+^) if A: is even, gives us a requisite family. To be- 
gin, denote the exceptional divisor of ^' = Bl / ("^ x y T') — )■ ^ x ^ T' by ^ and the strict 
transform of ^q x /^^(O) by ^i. To check the assertion, we work over the affine patch Uj = 
Spec K[m, Co, . . . , c/, . . . , Q-i] over which the equation of "^ x ^ T' is 

/ = /+! +4_jmV-1 + ■ ■ ■+uJx^+^-J + ■ ■ ■ +cj+l/+l. 

It is easy to see that ^i — )■ £■ fl Uj is a trivial family whose fiber is the normalization of the central 
fiber ^Q. Further, ^ is a family of divisors in the weighted projective space P(2, 2,fc+ 1) given 
by the quasi-homogeneous (in variables x, u,y) equation 

{/ = /+i + 4_imV-i + ■ ■ ■ + uJx^+^-J + ■■■ + cj+i/+i} 

cP(2,2,;t+l)x(£nC/^-)- 

In particular, ^ admits a 2 : 1 morphism to P(2, 2) x (£ n Uj) ~ P^ x (£ n Uj) given by 
{x,u,y) I— 7> {x,u). Since the ramification divisor has degree k+l when k is odd and k + 2 
when fc is even and has no points of multiplicity k+l, we conclude that ^ —)>(£' fl Uj) is a 
family of curves in J^i^[k— 1]. Moreover, ^ is attached to ^i along the locus (w = 0) fl ^ in 
P(2, 2, fc-M) X (£ n t/j). Since the equation y^ = x''^^ defines two points in F{2,k+ 1) when k 
is odd and a single point when fc is even, we conclude that, for every ? G /^^ (0), the curve (^)r 
is attached (^)f along a ramification point when fc is even and along two conjugate points if k 
is odd. n 

Remark 7.3 (Stable reduction over higher-dimensional bases). Note that given an irreducible 
scheme T of any dimension and a stable curve over the generic point of T, there is always an 
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alteration' of T after which (the pullback of) the stable curve over the generic fiber extends 
over the whole base. Indeed, since J^ g is a proper stack over Z with a finite diagonal, by 
[EHKVOl, Theorem 2.7] there exists a finite surjective morphism V — > ^ g, where V a scheme. 
The rational map T ---> J^ g lifts to a rational map T' — ■> V , where T' maps finitely to T. Since 
V is proper, there exists a proper birational morphism T" — )■ T' after which this rational map 
extends. The composition T" —^T'—^Tisa requisite alteration. 

We now explain where the necessity in working with Deligne-Mumford stacks originates. 
This is accomplished by the following proposition. 

Proposition 7.4. There exists a curve C with a unique isolated Aik singularity such that the in- 
determinacy of the moduli map Def(C) ---> ^ „(q\ cannot he resolved by any proper birational 
modification o/Def(C) which restricts to an isomorphism over Def(C) \ A^. Furthermore, the 
indeterminacy cannot be resolved by any proper modification o/Def (C) which is isomorphic to 
the Weyl cover o/Def (C) over Def(C) \ Ac- 

Proof. To prove the first part it suffices to exhibit C and a smoothing /: ^ — )■ (T, 0) of C such 
that the stable curve ^X7'(r\0) — )-r\0 does not extend to a stable curve over T . 

To begin, consider a family of stable (4fc + 2) -pointed rational curves ^ — )• (T, 0) (over a 
spectrum of a DVR) with the central fiber Yq=E\VJE2- a nodal union of two rational curves 
each marked by exactly 2k + I sections. Assume that the total space of ^ is smooth. Denote 
by E the union of all 4k + 2 sections. Next, let T' — ;■ T be a finite base extension of degree 2, 
ramified over 0. The fiber product '3^' = '3^ xjT' has a (surface) singularity of type Ai lying 
over the node of Yq. Make an ordinary blow-up with the center at this singularity, and denote 
by F the exceptional divisor. By, e.g.. Lemma 2.10, the divisor L + F is divisible by 2 in the 
Picard group of the blown-up surface. We can now construct a cyclic 2-cover branched over 
T. + F. The resulting cover is smooth and contains a ( — l)-curve - the preimage of F. Consider 
the Stein factorization of the morphism from the said cyclic cover to ^'. The resulting Stein 
morphism blows-down the (— l)-curve, and the resulting surface ,^' admits a finite, degree 2 
morphism to ¥'. 

Note that, by construction, the central fiber of J^' is a nodal union Xi UZ2 of two hyperelliptic 
genus k curves. The line bundle co^^/ /7'/((2fc— l)Xi) is relatively base-point-free: Clearly, it has 
no base points away from Xi , and by considering the divisor {4k — 2) t, where T is a Weierstrass 
section of ^' /T' disjoint from Xi, we conclude that it has no base points along X\. Since 
(Da(^-i lji{{2k— l)Xi)|xi — ^Xp it follows that (0^-i/'f/{{2k— l)Xi) defines a T'-morphism J^' —^ 
2^" contracting X\ to a point. A simple application the theorem on formal functions shows that 
the image of Xi is an A2'k singularity of the central fiber X'^. 

Finally, we take C := X'q. By the construction, we have that 2^\ji^q is a base extension of 

a smooth family of genus 2k curves over T \ and so the morphism T' \ — )■ ^2yt factors 
through r \ 0. However, since 2^" is smooth, 2^" — )■ T' cannot be a base extension of a stable 
family of genus 2k curves over T . It follows that the morphism T \ — )■ ^2yfc does not extend 
to T . This establishes the first part of the proposition. 

The second part follows analogously due to the fact that, by the above construction, the 
morphism from T to Def (C) factors through the Weyl cover of Def (C) . 



An alteration is a composition of a proper birational morphism with a finite morphism [dJ96]. 
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D 

Remark 7.5. We remark that Proposition 7.4 strengthens the non-existence part of [CMLIO, 
Theorem 6.1], which is proven there using monodromy considerations. 
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